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T́ıtulo en español
Estudio de percolación del ascenso capilar de un liquido a través de un suelo granular.
Abstract: Capillary rise plays a crucial role in the construction of road embankments
in flood zones, where hydrophobic compounds are added to the soil to suppress the
rising of water and avoid possible damage of the pavement. Water rises through liquid
bridges, trimers and enclosed volumes, and the void spaces among grains that could
eventually take part of those capillary elements can eventually connect to form a path
at disposal for capillary rise. The width and connectivity of that structure depends on
the maximal half-length λ of a capillary bridge among the grains, which is a function of
contact angle. Low λs generate a disconnect structure, with small clusters everywhere.
On the contrary high λs create a percolating cluster of trimers and enclosed volumes that
form a natural path for capillary rise. Hereby, we study the percolation transition of
this geometric structure as a function of λ for a random dense packing of monodisperse
spherical grains at volume fraction φ ' 0.63. We determined a percolation threshold
for λc = (0.049 ± 0.004)R (with R the radius of the spheres), less than one fourth of
the mean distance between neighbouring grains at that volume fraction. In addition, all
critical exponents for the transition are in good agreement with those of size percolation
in three dimensions, suggesting that the formation of trimers (i.e. the main components
of the connected path for capillary rise) can be considered as randomly independent, a
possible consequence of the random positions for the grains. The study combines capillary
structures and percolation theory to investigate capillary rise through a granular medium.
It constitutes an interesting novel approach and a new step in the understanding of this
rich phenomenon.
Resumen: El ascenso capilar desempeña un papel crucial en la construcción de ter-
raplenes en carreteras construidas en zonas de inundación, donde se agregan compuestos
hidrofóbicos al suelo para prevenir el aumento de agua y evitar posibles daños en el pavi-
mento. El agua se sube a través de puentes de liquido, trimers, volúmenes encerrados
de liquido, y los espacios vaćıos entre los granos que eventualmente podŕıan tomar parte
de esos elementos capilares. Estas estructuras pueden llegar a conectarse para formar un
camino probable para el ascenso capilar. Los tamaños y conectividad de esa estructura
depende de la longitud máxima media λ de los puentes capilares entre los granos, la cual es
función del ángulo de contacto. Para λs pequeños se da lugar a una estructura disconexa,
con pequeños clusters a lo largo de todo el sistema. Por el contrario, para λs grandes se crea
un cluster percolante de trimers y volúmenes encerrados que forman un camino natural
para el ascenso capilar. Estudiamos la transición percolante de esta estructura geométrica
como función de λ para un Random Dense Packing de granos esféricos monodispersos,
con una fracción de volumen φ ' 0.63. Se determinó que el punto critico de percolación
es λc = 0.049± 0.004)R (con R el radio de las esferas). Este valor es menos de una cuarta
parte de la distancia media entre granos vecinos con esa fracción volumétrica. Además,
también se calcularon los exponentes cŕıticos que describen esta transición, los cuales están
en buen acuerdo con los exponentes cŕıticos para site percolation. Lo anterior sugiere que la
formación de trimers (es decir, los componentes principales de los caminos para el ascenso
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capilar) puede considerarse como aleatoria, consecuencia de las posiciones aleatorias de
los granos. El estudio combina las estructuras capilares y la teoŕıa de la percolación para
investigar el ascenso capilar a través de un medio granular. Esto constituye un enfoque
diferente y un nuevo paso en la comprensión de este fenómeno.
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Introduction
Imagine you are building a sand castle on the beach. The consistency of that castle
depends entirely on the degree of moisture in the sand. It needs to be wet enough to
maintain water-air interfaces among the grains, but without entirely filling the spaces
among grains. That cohesive force, known as the capillary force, is also responsible for
the rise of a liquid through a granular or porous medium. Now just consider a pile of
sand with its base covered by water. If grains are close enough, water will rise through the
interstices of the grains by action of such capillary forces. This capillary rise plays a major
role in the transport of fluids across porous and granular media. It is highly studied in
many industrial processes, such as agriculture, construction, extraction of hydrocarbons,
geophysical imbibition processes, infiltration from surface water, flow transport and wet
granulation in powder industries. The field has achieved an intense interdisciplinary study
in recent years, trying to model it at the microscopic scale to find its possible behaviour
at the macroscopic scale. This effort has been mainly motivated by its applicability in
extraction and filtered processes of oil and gas. Specially in unsaturated soil structures,
like embankments, the capillary rise of water is a real concern, because water can damage
the integrity of the structure [5]. The broad spectrum of possible solutions include the use
of hydrophobic materials [5] or even the addition of active mechanisms to compensate for
the deformations produced by capillary forces [6].
The flow of water through a granular medium is strongly determined by the geometry
of the interconnected structure of pores among the grains. First models [7] represented
that structure by sites (pore bodies) of arbitrary shape and position interconnected by
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bonds (pore throats), whose sizes and shapes could be obtained from experimental probes
[8, 9]. Many properties, like relative permeability [10] or drainage and imbibition [11]
can be estimated from this simplified model. Likewise, it has been found that some of
the parameters that describe pore sizes and pore-connectivity are relating with quantities
characterizing water retention [12]. But many methods to describe the transport of liquid
through granular materials base on percolation, the theory that studies how pores set
at random forms a contacted path for the liquid to flow across the material [13, 14, 15].
Indeed, the pore structure is so complex that to some extent it can be modelled as random.
A nice example of the success of the percolation theory applied to granular soil is given
by Larson and co-workers [16], they found that the distribution of globule of residual oil
in reservoir rock is entirely described by the topological properties of the medium.
In regards to capillary rising, more recent works focus on representing the liquid struc-
tures among grains (bridges, menisci and pore bodies) as real as possible, based either
on experiments (as in X-Ray microtomography [3]) or in computer simulations [17, 18].
This modeling is able to reproduce water saturation and drying with the water volume as
control parameter and to compute forces and pressures [18]. Together with experiments,
they have succeeded identifying trimers (that is, the junction of three liquid bridges and
a meniscus) as the minimal building block to build a pathway for rising water [18, 3].
The structure itself must strongly change with the maximal length of a capillary bridge (a
function of contact angle [19]), and some studies in two dimensions have been performed
to find when a connected structure first appears as either the contact angle [20] or the
liquid volume [21, 22] increases.
Consider a random configuration of grains. Once grain positions are fixed, the possi-
bility of building a path for capillary rise must strongly depend on the maximal length
of a capillary bridge. If it is too short, the places where capillary bridges and trimmers
could eventually form show a disconnected structure, and water will never rise by capil-
larity. But, if it is large enough, they could join together to build a connected path across
the sample. Even before injecting water, that path tell us that it would be possible for
the water to rise. How this geometrical structure sets, a classical percolation problem,
could give us valuable insights on the understanding of this phenomena. The present
work investigates how the set of trimers and enclosing pore bodies at disposal for capillary
rising changes from a fully disconnected structure to a connected pathway as the critical
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length of the capillary bridges increases in three-dimensional dense packings of monodis-
perse spheres. The goal is to find both the critical half-length λc of a capillary bridges
to obtained a connected structure and some of the critical exponents characterizing this
phase transition.
This thesis is outlined as follows: Chapter 1 deals with the basic physics of capillary
interfaces such as liquid bridges. Next, chapter 2 introduces percolation, plus finite size
scaling as a very useful technique to characterize it [23, 24, 25]. Chapter 3 shows the
analysis of the resulting liquid structures by using tools of percolation theory and a de-
scription of the model we use. The thesis finishes summarizing the main conclusions and
discussions in chapter 4.
CHAPTER 1
Capillary theory
Capillarity is the study of the interface between a fluid and a solid or another fluid [2]. It
is also the science that takes care of the shape and evolution of bubbles, drops and liquid
films [26, 2]. It also studies how liquid rises through a structure, for example the coffee
through a sugar cube and, therefore, it has many applications in the study of the water
and oil flows through rocky soils [27, 28]. Indeed, the forces that keep cohesion among
the grains of wetted sand in a sand castle are capillary forces. This makes its study a
fundamental topic to describe how the stability of a soil changes with increasing water
content, a key aspect for landslides prevention.
Capillarity can also be understood as the study of phenomena where surface tension
takes part. Surface tension acts as if the interface itself were a stretched elastic membrane,
that allows, for instance, water striders to skate on it. The form of surface in equilibrium
usually minimizes the total energy of this interface (i.e. minimizes its area) and the
pressure difference on both sides of the surface is determined by the surface curvature.
We will now describe the fundamental concepts of capillarity and some of the most
relevant models for this work.
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1.1 Surface tension and Laplace’s equation
In a bulk material, each molecule establishes bonds with similar ones. Half of such bonds
must be broken to create an interface between two media, replacing them by new bonds
with the molecules of the other material. This process requires a certain amount of energy
per unit of area, called surface tension, γ [26, 2]. Consider, for instance, an interface
between water and air. Liquid molecules attract stronger to each other (due to cohesion)
than to the molecules in the air (due to adhesion). The net effect is an entering force
at the surface that causes the liquid to behave as if the surface itself were covered with
a stretched elastic membrane, supporting a pressure difference between both sides of the
interface.
Figure 1.1. Soap film within a rectangular frame.
Surface tension can be understood either as an energy per unit area or as a force per
unit length. This can be clearly seen if you consider a rigid metal frame of rectangular
shape with a needle in the middle, touching both longest sides of the rectangle (Fig. 1.1).
If you place a soap film within the rectangle at both sides of the needle, the needle itself
will stay still; but if you break one of the two films, the other one will try to decrease
its surface, pulling the needle all the way to the rectangle’s end. Actually, there are two
interfaces acting in this example, corresponding to the two surfaces of the film. As the
needle moves by a distance dx, the work done by the film on the needle must equal the
decrease on surface energy on both interfaces
2Fdx = 2γLdx , (1.1)
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can be understood as a force per unit length.
Figure 1.2. Gas bubble in water.
The pressure difference at both sides of the interface is determined by the surface
curvature. Consider, for instance, a spherical bubble of a gas immersed in a liquid (Fig.
1.2). If the radius R of the bubble increases by a certain amount dR, the gas do a work
pgdV , with pg the gas pressure and dV the volume increase. Similarly, the liquid do a
work −pldV , with pl the liquid pressure. At the same time, the bubble interface grows,
and an energy γdA must be added to build the extra area dA. Because the network on
the system should equal the energy increment,
pgdV − pldV = γdA . (1.3)
With dV = 4πR2dR and dA = 8πRdR, Eq. (1.3) gives




This expression is a special case of a more general statement, known as the Young-Laplace
law. Consider a curve AB on the surface and a point P on it. The curve divides the
surface into two regions (Fig. 1.3). Across an element δl of AB, region 2 exerts a force
γδl tangential to the surface, with γ the surface tension.
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Figure 1.3. Surface tension definition at point P .
Now take a point P on the surface, and on the surface build a curve which distance
from P along the surface equals to ρ. In that surface through that point take orthogonal
lines AB and CD on the surface, with radii of curvature R1 and R2 respectively (Fig. 1.4).
Taking into account the mechanical equilibrium, let us see the forces along the normal PN ,
fn, at A, B, C and D. Since the surface tension pulls with a force γδl, then the normal
force at each point on the segment are γδl sin(φ) for the points A and B, and γδl sin(β) for
the other two points, given a total differential normal force equal to (for a small surface
area, it means small φ and β):
dfn = 2γ dl sin(φ) + 2γ dl sin(β)







Integrating Eq. (1.5) around the whole circumference (one-quarter of a revolution, 0 <
l < ρ and 0 < θAzimuth <
π
2 ), and considering the pressure forces (due to the pressure P
′
and P ′′), we get:




















∆P = γ 1Rm , (1.6)
which is the Laplace’s equation, where Rm is the mean radius of curvature.
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Figure 1.4. Diagram of capillary equilibrium [2].
In Eq. (1.6) we can see that because of the existence of surface tension, an arbitrary
surface maintains mechanical equilibrium between two fluids at different pressures P ′′ and
P ′. In the absence of gravitational effects, the pressure P ′ and P ′′ are uniform throughout
the respective phases, while the surface tension has the same value γ at all point in the
surface. To include the effects of gravitational forces it is necessary to use the fact that
P ′′ and P ′ vary with the height of the point considered [29, 26].
1.2 Three-phase systems, equilibrium at a line of contact
and Young’s equation
Capillary systems in granular media usually hold a solid phase and at least two fluid
phases, for instance, there are surfaces subjected to surface tension that meet at a point
P (Fig. 1.5). In the figure, an element of the line through P of length δl is subjected to
the three forces γ1δl, γ2δl and γ3δl. When these forces are in equilibrium, we have
γ1 + γ2 + γ3 = 0 , (1.7)
called the law of Neumann’s triangle.
Continuing the analysis, take a liquid drop placed on a plain solid and smooth surface
(Fig 1.6), from this we can define a contact angle θ (0 ≤ θ ≤ π), as the angle subtended by
the tangent to the liquid-gas boundary build at a point on the three-phase line of contact
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Figure 1.5. Equilibrium at contact point of three fluid phases [2].
and the tangent to the solid-liquid boundary build at the same point. Then we can write
Eq. (1.7) as:
γlg cos(θ) = γsg − γsl , (1.8)
which is known as the Young’s equation, where γlg is the surface tension of the liquid, γsg,
the surface tension of the solid and γsl, the interfacial tension between the liquid and the
solid [29, 30].
Figure 1.6. Equilibrium at a line of contact.
If the contact angle θ is in between 0 and π/2 we say that the liquid wets, here the
adhesive force is higher than the cohesive force among the molecules of the liquid, but,
if the contact angle θ is in between π/2 and π, the force due to the solid-gas superficial
tension is lower than the force due to the solid-liquid superficial tension, it means that the
cohesive force is higher than the adhesive force, and we said that the liquid does not wet
the surface, those kind of materials are called hydrophobic materials.
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1.3 Some examples of capillary phenomena
1.3.1 Capillary Tube, Jurin’s law
Now that we have Young-Laplace’s equation it is not difficult to make an approximation of
the capillary rise phenomena in a tube (Fig. 1.7). Considering the two radii of curvature
are equal to each other and to the radius of the capillary, R, from Young-Laplace equation
we get
∆P = 2 γR
= 2γ cos(θ)r , (1.9)
with θ the contact angle at the capillary wall and ∆P (∆P = ∆ ρ gh, where ∆ρ is the
Figure 1.7. The meniscus in a capillary as a figure of revolution, with the radii of curvature
R1 = R2 = R [2].
difference in the density between the liquid and gas phases and g is the gravity field) is
equal to the hydrostatic pressure drop in the column of liquid in capillary tube at the
height of the meniscus above the flat liquid surface, h. It means that h is the height that
the liquid can reach in tube due to the capillary interactions, known as the Jurin’s law [2].





with l2 = γ cos(θ)∆ρ g , l is known as the capillary length, beyond which gravity becomes
important and is generally of the order of few millimeters [2].
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As was mentioned at beginning of the section, the previous lines are just a good
approximation of the problem, the real treatment must take into account the deviation of
the meniscus from sphericity (∆P = ∆ρ gy at each point on the meniscus), also from the
real geometry of the problem the radii of curvature, R1 and R2, are not the same.
1.3.2 Drop deposited on a fiber
Figure 1.8. Drop deposited on a fiber [2].
Think of a drop of radius R deposited on a fiber of radius b (b << L) (Fig. 1.8), where
its profile y(x) is given from the Young-Laplace’s equation, Eq. (1.6), and a geometrical
analysis. Taking θ as the angle between the normal vector to the profile of the drop, ~n,
and the vertical direction, and s the curvilinear coordinate along the profile [2], we easily
see that:
ds = −R1dθ (1.11)
y = R2 cos(θ) . (1.12)









= cst . (1.13)
Because we have that dy = ds sin(θ) and dx = ds cos(θ), we can write ds as ds =
dx(1 + ẏ2)
1
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y2 + C . (1.15)
If we see the boundary conditions at y = b we get that ẏ = 0, from which it follows












+ b . (1.16)
If we check Eq. (1.16) at y = L with ẏ = 0 we can approximate the overpressure ∆p,





1.3.3 Meniscus on a Fiber
Figure 1.9. Rising water on a fiber [2].
Now we are going to study the rise of a liquid on a wetted fiber and its profile (y(x))
(Fig. 1.9). Neglecting the influence of gravity and taking L → ∞, which gives ∆p = 0
CHAPTER 1. CAPILLARY THEORY 10





= b , (1.18)
it can be solve with a change of variable, yb = cosh(u), so dx = b du and integrating













taking into consideration the boundary conditions (at x = 0 we have y = b, then C = 0):





1.3.4 Catenoidal soap film suspended between two coaxial circular rings
Figure 1.10. Catenoidal soap film [2].
Consider a soap film between two coaxial circular rings of the same radius R and
distance 2D between them (Fig. 1.10). We have that the difference of pressure in the film
is equals to zero (∆p = 0) because the pressure is the same in both sides of the film; for
the same reason the curvature of the film is zero. Taking into account the previous lines
we get that the profile of the film, y(x), follows a catenary curve connecting both rings
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it has two solutions that become identical at R ≈ 1.509D; it means that for distances D
greater than maximum value R/1.509 the film will break.
1.3.5 Capillary liquid bridge
Let us now consider a liquid bridge between two equal sized spheres of radius R (Fig.
1.11). Neglecting the gravitational effects, we can write the pressure across the air-liquid











where X = xR and Y =
y
R are the dimensionless coordinates, and H is the mean curvature,
Figure 1.11. Liquid bridge between two equal spheres [31].
H = ∆ρR2γlg . Here Y (X) shows the meridian profile of the liquid bridge. Let us obtain the
expressions for Y ′i , Y
′′
i and the initial condition Ya =
ya
R from the boundary conditions
at X = Xa (Y = sin(α) and Y
′ = cot(α + θ), α the half-filling angle). Substituting
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(1 + Y ′2)
1
2
+H Y 2 = sin(α) sin(α+ θ) +H sin2(α) = C . (1.24)
Because the liquid bridge is symmetrical we have that Y ′(0) = 0, then
Ya =













− 1 , (1.26)
Y ′′i =
1 + Y ′i
2
Yi





There are many methods to solve Eq. (1.26) and Eq. (1.27), in particular iterative
ones, for example the method of Bashforth and Adams [32], the Rayleigh Method [33] and
Lane Method [34], which nowadays are not too difficult to implement thanks to the high
speed computers. Particularly, let us see the approximation propose by Fisher [35], called
the toroidal approximation, this because it is and excellent approximation compared to
experimental data [31, 36, 37].
1.3.5.1 Toroidal approximation of a static liquid bridge
We consider a liquid bridge between two equal sized spherical grains of radius R (Fig. 1.11).
Thinking of a very small spherical grains, the gravitational effects can be neglectted, so
the liquid bridge has a constant pressure [31] with the same mean curvature [17]. We just
consider the upper right quadrant in (Fig. 1.11), where the liquid and solid profiles are
considered as an arc of circumferences and are described by [19, 38, 36]:
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cos(α+θ) (related with the bridge’s
thickness), the principal radii of curvature, which are described as function of α, the half-
filling angle, and θ the contact angle, or by xa =
S
2 +R−R cos(α) and ya = R sin(α), the
coordinate of the point of contact between the liquid and the spherical grain. Besides, S
is the distance between surfaces of the spherical grains and d = R−R cos(α), the wetted
part of the grains.











































The maximum amount of liquid that the bridge can hold, Vmax, is reached when















2R + 1− sin(θ)
)
− (1− sin(θ))2(2 + sin(θ)
]
. (1.33)
Also, there exist a critical distance where the bridge will break, Sc. This distance was
















If we replace Vmax from Eq. (1.32) in Eq. (1.34), we can get a good approximation of









4 sin(θ)− 4 sin(θ) cos2(θ) + 3ScR cos
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the two spherical grains have to be located at a distance S ≤ Sc for a fixed values of
the contact angle, otherwise, the bridge will break apart (Fig. 1.12), deduced from data
in [19]. These results should be taken with some care, because the maximal distance
for a capillary bridge obtained here can be much larger than the one of 0.655R obtained
when the pressure difference across the capillary surface can be neglected (Sec. 1.3.4 ).
Nevertheless, such a discrepancy is not relevant for our work; we only need to know that
such a maximal distance exists as a function of the grains’ radius and contact angle.
Figure 1.12. Maximal separation distance Sc for a capillary bridge as function of the contact
angle θ in the toroidal approximation.
1.4 Capillary rising liquid in a monodisperse random pack-
ing
From a microscopic point of view, water can rise if the grains are close enough to build
capillary bridges among them, appearing when solid particles are joined together by small
amounts of liquid, but not enough to fully cover the solid surfaces. We can see this kind of
structures in flotation systems, moist solids or wet granular materials, as in sand castles.
The shape of a capillary bridge between two identical spherical grains is not strongly
affected by gravity. It essentially depends on the contact angle θ, the liquid-gas surface
tension γ, the liquid volume V and the distance S between the grains [31].
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There is a maximal distance among grains Sc a capillary bridge can overcome, which
we are going to call 2λ on this work. If S < 2λ, a capillary bridge may eventually be
established for some V ; otherwise, there is no possible path between the grains for the
water to rise. This limit can be estimated through some theoretical approximation, like
the toroidal approximation method [35], explained before, or by numerical simulations.
Figure 1.13. Main capillary structures. (a) Liquid bridge with separation distance S. (b) Trimer,
built by three liquid bridges (light blue) and a meniscus (dark blue). (c) A liquid
volume enclosed by four trimers.
In a dense monodisperse packings, spheres have in average approximately eight contacts
that can hold a liquid bridge for each grain. It means that there is a high probability
that two or more bridges connect to form larger liquid structures (liquid clusters) and,
eventually, build a path for the rising water. Liquid clusters are made up of three basic
units: liquid bridges, trimers and entirely filled pore bodies (Fig. 1.13). From a theoretical
point of view, it would be possible to join two bridges with a meniscus but, according to
micro-tomographies on experimental random granular arrays of monodisperse spheres [3]
that kind of structures do not exist. Instead, if three grains are so close that liquid bridges
are formed between every two of them and the three bridges touch each other, the region
in the center (a meniscus) is filled with liquid. The resulting structure is what we call a
trimer [18].
The minimal connected structures in partially filled monodisperese random granular
packings are trimers, the junction of three liquid bridges and a meniscus [18] (Fig. 1.14).
A trimer will eventually form for some water content if three grains are so close together
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that the distances between any two of them are shorter than Sc Eq. (1.35) and the angles
between every two bridges are smaller than π − 2θ, which comes straightforward from
the toroidal approximation. Two trimers are assumed connected if they share a bridge,
and connected trimers can eventually enclose filling volumes (Fig. 1.14). Trimers and
enclosed volumes form the structure for capillary rising. If Sc is small, the structure is a
disconnected set of clusters, because there is less probability to build bridges between two
grains. On the contrary, if Sc is large enough, there is a connected path across the sample,
i.e. a percolating passage for the liquid to rise.
Figure 1.14. Liquid morphologies in a wet granular pile of with glass beads with average diameter
of 280µm. (a) Capillary bridge (cb), trimer (tr), pentamer (pt) and filled tetrahedra
(th) as obtained from X-ray tomography. (b) Fraction of a large percolating liquid
cluster. Figure taken from [3].
Early works on this percolating structure just considered the geometry of the space
among grains as a set of volumes (sites) connected by throats (bonds) [42, 12]. Recent
works, in contrast, intend to represent both the pore space and the liquid structures as
close as possible to their real shape, constructed based on the exact geometrical positions
of a previously simulated granular packings [43, 18]. For instance, Melnikov and co-workers
[18], using volume as a control variable, propose a model for fluid saturation in random
packings that can describe arbitrary liquid contents from dry to full saturation. This
way, a pore network is extracted directly from the topology of the sphere packing. Pore
bodies can be empty, partially filled with liquid separated by menisci or entirely filled
by liquid. They found that, as water volume increases, the pressure difference across
the capillary surface decreases as the same rate as the surface fraction covered by water
increases. Consequently, cohesion forces among grains remain approximately constant, in
good agreement with experimental measurements [3]. This work show that the detailed
study of the shape of the capillary structures is an excellent method to calculate the
mechanical properties of the system. Nevertheless, reproducing the exact geometry of the
entire liquid structure and the void pores asks for high computational power. In principle,
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all differential equations describing each one of basic structures present in the system must
be solved, such as liquid bridges for all pairs of close grains and trimers for all trios of
first neighboring spheres. Instead, we will follow an approximate scheme, but maintaining
trimers as the basic structure for capillary rising, as will be described in Chapter 3.
CHAPTER 2
Percolation theory
The study of porous media is not an easy task, because of the deep complexity of its struc-
ture. The internal geometry of these materials is highly disorganized, to the point of being
considered totally random [44]. For this reason it is impossible to describe porous media
using cell parameters or symmetries. Instead, stochastic theories have been successful to
describe some properties of these materials, and one of the most used is percolation theory
[12].
2.1 What is percolation?
Figure 2.1. Example of the site percolation problem in a square lattice for different values of
the occupation probability, p. Blue (white) cells represent occupied (non-occupied)
sites. Green and red sites are examples of clusters, and the red one is a percolating
cluster).
18
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Let us explain what percolation is with an example. Imagine a large square lattice
composed of L × L sites, with L so large that boundary effects can be neglected. Each
square, or site, is occupied with probability p, independently of the other sites. A set of
occupied first neighboring squares is called cluster; that is, two occupied sites sharing a
side belong to the same cluster. If p is small, all clusters are small and disconnected. But,
if p is large, there is a cluster, called the percolating cluster, passing through the entire
system, from one side to the opposite one (Fig. 2.1), and we say that the system percolates.
In an infinite system, there exists a critical occupation probability, pc, such that there is
no percolating cluster for p < pc, while for p > pc the system percolates. We call pc the
percolation threshold. The percolation probability Π∞, that is the probability for an infinite
system to percolate, is, thus, a step function. For finite systems, the so called effective
percolation probability Πeff is a sigmoid, whose width decrease by increasing system size
L (Fig. 2.2). Percolation theory deals with the number and properties of these clusters
around that critical point for many kind of networks, like configurations of spheres, bones
or pores, among many others. The example explained above is called site percolation [23].
Actually, we will use a variant of the site percolation problem in the present work.
Figure 2.2. Effective percolation probability Πeff as a function of the occupation probability p
for site percolation for several system sizes, using the DPL algorithm (see Section
3.3). (a) Two-dimensional systems. (b) Three-dimensional systems.
Percolation is a purely geometrical problem and is the simplest model that undergoes
a phase transition showing a drastic change in the spatial structure of the system [1]. It is
highly relevant to describe with a good quality many physical phenomena, like oil recovery
from porous media [45], connectivity in networks [46], fracture patterns and water flow
[44], among many others [23, 47, 48].
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2.2 Critical exponents for site percolation
Besides the percolation’s threshold, the topological properties of the clusters are char-
acterized by several quantities, such as the cluster size frequency, N(s, p;L), the cluster
number density, n(s, p), the cluster size, Sξ(p), the mean cluster size, χ(p), the correlation
length, ξ(p) and the probability that a site belongs to the percolating cluster, P∞(p), with
L the size of the system and s the cluster size. Near to the percolation threshold all these
quantities obey scaling laws that are independent from the microscopic details and only
depend on the dimensionality and connectivity of the system [44].
Because the exponents describing the behavior of the quantities named before are of
the form
X ∝ |p− pc|b , (2.1)
with b the critical exponent, it is necessary to know first a very precise value for the
percolation threshold pc in order to get accurate exponent values. A biased value for pc
can lead an error in the estimation of the critical exponents. To solve this issue, Levinshtein
et al. introduced and effective method to determine both the critical exponents and the
critical threshold of an infinite system from data of finite systems of several finite sizes L
[49, 23]. This procedure, known as finite size scaling, is the one we will use in our study.
2.2.1 Correlation length
The correlation function g(r) is the probability that an occupied site and another site at
a distance r from the first one belongs to the same cluster, but not to the percolating







where ξ, called the correlation length, is proportional to the average cluster diameter.
The characteristic cluster size sξ is proportional to the correlation length [23], as
follows:
sξ ∝ ξD . (2.3)
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Here D is known as the fractal dimension of the percolating cluster. As the characteristic
cluster size diverges for p→ pc, from Eq. (2.3) the correlation length diverges as well (Fig.
2.3). This divergence is described by the critical exponent ν,
ξ(p) ∝| p− pc |−ν , p→ pc . (2.4)
Figure 2.3. Correlation length vs. the occupation probability [4].
In practice, ν is more often estimated by considering the finite-size scaling of one
or more of the properties of the system [23]. First, the effective percolation probability
Πeff(L, p) as a function of p (Fig. 2.2) is fitted by an error function erf(p) [23],

















2 dt . (2.5)
Here, peffc (L) is called the effective percolation threshold for a system of size L, and ∆(L)
is the effective width of this sigmoidal.
For determining the exponent ν, they take advantage of the scaling law for the effective




Also, it is possible to find a good estimation for the percolation threshold, pc, plotting
peffc (L) against L
− 1
ν , which should draw a straight line intercepting the y-axis at pc (Fig.
2.5). This is the standard procedure to estimate ν and pc.
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Figure 2.4. Width ∆(L) of the effective percolation probability Πeff(L, p) for site percolation
(Fig. 2.2) vs. system size L in (a) two dimensional and (b) three dimensions. The
slope gives ν = 1.40(5) and ν = 0.90(6) for two and three dimensions, respectively.
Using the DPL algorithm (see Section 3.3).
Figure 2.5. Effective percolation threshold peffc (L) against L
− 1ν for site percolation. The linear
fit (continuous line) estimates a cut with the vertical axis at: (a) pc = 0.593(5) for
two-dimensional systems and (b) pc = 0.313(3) for three-dimensional ones. Using
the DPL algorithm (see Section 3.3).
2.2.2 Order parameter
The control parameter of the percolation transition is the probability p. The order param-
eter P∞(p) is the probability that a site belongs to the percolating cluster. When p < pc,
there is no percolating cluster, so P∞(p) = 0. Close above the critical threshold, P∞(p)
grows as a power law with critical exponent β,
P∞(p) ∝ (p− pc)β, p→ p+c . (2.7)
It is difficult to determine the critical exponents for the order parameter directly. Instead,
finite-size scaling techniques are employed. Let us remember that the correlation length
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grows like ξ ∝ |p− pc|−ν Eq. (2.4). Thus |p− pc| ∝ ξν and P∞(p) ∝ ξ ∝ ξ
β
ν . If the system
is finite of size L and ξ > L, clusters cannot be larger than L. Thus, L takes the place of
ξ as the characteristic length, and
P∞(pc, L) ∝ L−
β
ν . (2.8)
Fig. 2.6 shows how this relation can be used to estimate β.
Figure 2.6. (left) Numerical results for the order parameter P∞(p) for site percolation on (a) 2D
and (b) 3D square lattices of several system sizes L, using the DPL algorithm (see
Section 3.3). (right) Effective value of the order parameter at pc against L for (c)
two and (d) three dimensional systems. The slopes give β = 0.16(4) and β = 0.48(5)
for two and three dimensions, respectively.
2.2.3 Cluster number density
Consider a cluster of size s (a s-cluster) of a certain shape, with t unoccupied nearest
neighbors (the perimeter). The probability that such a cluster appears in the set of s+ t
sites is ps(1−p)t. The probability that a random site belongs to that cluster is sps(1−p)t.
If the whole system is of size L, such a situation can take place approximately Ld/s times,
with d the dimension of the system. Thus, the probability that a random site belongs to
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a cluster of size s and that fixed shape is Ldps(1−p)t. Next, let us consider that there are
g(s, t) different cluster shapes of size s and perimeter t. So, let us define the total number
of clusters of size s in a system of size L with occupation probability p as [1]
N(s, p;L) = L
∞∑
t=1
g(s, t)(1− p)tps . (2.9)







g(s, t)(1− p)tps . (2.10)
For clusters sizes s << sξ (sξ, the characteristic cluster size, which is the typical size of
the largest cluster), the cluster number density decays approximately as a power law in s
(n(s, p) ∝ s−τ ), and faster for s >> sξ, that is





, for p→ pc, s << sξ . (2.11)
The characteristic cluster size itself grows like a power law as p reaches pc,
sξ(p) ∝| p− pc |
−1
σ , p→ pc . (2.12)
These expressions define two extra critical exponents: τ and σ.
2.2.4 Mean cluster size
According to the results above, the probability that a chosen site belongs to any cluster







By definition, the mean cluster size χ(p) does not include the percolating cluster. Thus, it
decreases for p > pc because the percolating cluster leaves less space for the non-percolating
ones. For L → ∞, the mean cluster size diverges for p → pc as a power law with critical
exponent −γ,
χ(p) ∝| p− pc |−γ , p→ p−c . (2.14)
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Figure 2.7. (left) Numerical results for the mean cluster size χ(L, pc) for site percolation on (a)
2D and (b) 3D square lattices of several system sizes L, using the DPL algorithm (see
Section 3.3). (right) Effective value of the mean cluster size at pc against L for (c)
two and (d) three dimensional systems. The slopes give γ = 2.40(4) and γ = 0.75(4)
for two and three dimensions, respectively.
As before, applying finite-size scaling to Eq. (2.14) we get
χ(pc, L) ∝ L
γ
ν . (2.15)
This expression can be used to estimate γ (Fig. 2.7).
2.3 An example: site percolation in two and three dimen-
sions
To test the algorithm we will use in our work, we estimated first the critical exponents
for site percolation on square lattices in two and three dimensions (Fig. 2.2, 2.4, 2.5, 2.6,
2.7). This values are recorded in (Tab. 2.1). The agreement with the accepted values is
excellent [1].
CHAPTER 2. PERCOLATION THEORY 26
2D 3D
Exponents Reported Estimated Reported Estimated
pc 0.592746(5) 0.593(5) 0.311605(5) 0.313(3)
ν 43 1.40(5) 0.8765(1) 0.90(6)
β 536 0.16(4) 0.4181(6) 0.48(5)
γ 4318 2.40(4) 1.793(3) 1.75(4)
σ 18791 2.0(5) 0.4522(8) 0.4(5)
Table 2.1. Critical exponents for square site percolation in two and three dimensions, reported
[1] and estimated by using finite-size scaling [23] with the DPL algorithm (see Section
3.3).
CHAPTER 3
Percolation study of capillary rising
Consider a sandpile with its base covered with water. If grains are close enough, water will
rise through the interstices of the grains, creating a liquid structure. This only happens
if grains are close enough to build capillary bridges among them. There is a maximal
distance among grains Sc = 2λ a capillary bridge can overcome. As discussed in Chapter
1, this distance is determined by contact angle θc (in the toroidal approximation [10]) and
surface tension γ (in more exact descriptions). These bridges should be connected in order
to build a path for the rising water. From a theoretical point of view, it would be possible
to join two bridges with a meniscus; but micro-tomographies on wet experimental random
granular arrays of monodisperse spheres [3] showed that the minimal building block of the
connected structure is the trimer, i.e. the junction of three liquid bridges and a meniscus
[18] (Fig.1.13). These trimers, together with the volumes they eventually enclose, form a
capillary path for water to rise (Fig. 1.14).
Consider a random configuration of grains. Once the positions of all grains are fixed,
the possibility of building a capillary path must strongly depend on λ, i.e. the maximal
half-length of a capillary bridge. If λ is too short, the places where capillary bridges
and trimmers could eventually form show a disconnected structure, and water will never
rise by capillarity. On the contrary, if λ is large enough, they could join together to
build a percolating path. Thus, there should be a critical half-length, λc, at which a
percolating path start to exist. From this point of view, such a path can be studied as a
27
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pure geometrical object; it is still not filled with water, but draws the route for the water
to rise. The transition for this structure from a disconnected phase to a connected one
may be considered a classical percolation problem.
The aim of the present work is to characterize this transition for a random dense
packing (RDP) of monodisperse spherical grains by using the standard analysis techniques
of percolation theory. The study can be divided into three steps. The first step is referred
to the generation of the random dense packing of spherical grains with the desired volume
fraction. The second one is given by determining which void places among grains could
be part of a capillary structure. The third one is the implementation of the algorithms to
study the percolation of this geometrical set.
Figure 3.1. Three-dimensional plot of all capillary structures (bridges, trimers and enclosed vol-
umes) in a mono-disperse sample of 87 grains with volume fraction φ ' 0.63 at a
capillary length λ = 0.025R, R the radius of the grains.
3.1 Random dense sphere packing generation
A sphere packing is an arrangement of non-overlapping spheres within a containing space.
In our work we consider all spheres with the same radiusR, in what is called a monodisperse
packing. The random close packing (RCP) is the ensemble of all grain configurations with
the maximal volume fraction one can obtain without crystalline subsets in it, a volume
fraction that for monodisperse spheres packing is around φRCP = 0.64 [50]. A random
dense sphere packing (RDP) is a random sphere packing close to that maximum packing
density φRCP .
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There are many computational algorithms to generate a random dense packing of
monodisperse spheres. For example, the Lubachevsky-Stillinger algorithm (LS) [51] bases
on molecular dynamics simulations of elastic spheres. There are many algorithms based on
LS, like the ‘shaking’ algorithm: A solid container is filled with grains, and the container
is shaken to reduce the volume, allowing more grains to be added to the container. Other
algorithms are The Jodrey-Tory algorithm [52] and the force-biased algorithm [53].
Our first try was to implement a molecular dynamics algorithm to generate the random
dense packing, but this attempt was not successful. Written on C + + and implemented
in OpenMP , that algorithm allowed us to simulate just 5000 particles at void fractions
around φ = 0.59. The algorithm, running on a computer (called ssf1) with 20 threads
on two Intel(R) Xeon(R) CPU E5-2695 v3 processors (see Tab. 3.1 for the detailed
specifications) took between two and three days per configuration.
Server
Item ssf1 ssf2 ssf3




Slackware 14.1 Slackware 14.1











Core(s) per socket 14 4 4
RAM 120Gb 32Gb 16Gb
GPU 2 X Tesla K40m - -
GPU’s cores 2880 - -
GPU’s RAM 12Gb - -
Table 3.1. Basic information of the servers used in this work.
Instead, we finally decided to use a program written in C++ by Baranau and co-workers
under open license [54] . This program uses the Jodrey-Tory (JT) algorithm to generate a
random dense packing. The first step is to generate N random (the center of all spheres)
inside a box of size L (Fig. 3.2). The JT algorithm is controlled by two parameters,
called the outer radius and the inner radius. The first one coincides with the radius of the
spherical grains and the second one takes into account an allowed overlapping distance
among the grains. The algorithm progressively takes apart the overlapping spheres -
starting with the two with the largest overlapped by a fixed fraction of the overlapping,
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until no inner spree overlaps with another one (For more details on the algorithm, see
[54]). With the JT algorithm we could get a packing density of φ = 0.629 ± 0.005 in
average, up to 50000 spherical grains.
Figure 3.2. A random packing of 6000 monodispese spheres at a packing density φ ≈ 0.63,
generated with the Jodrey-Tory algorithm.
Since a good statistical analysis is needed, 1000 configurations of RDP were gener-
ated for each system size L. The computational time for each configuration was between
300min using ssf2 and around 500min using ssf3 on a single core (seeTab. 3.1)). A
couple of additional scripts in bash, R and Python were written to generate a configura-
tion at each core simultaneously: 15 configurations at the ssf1 server, 8 configurations
in two ssf2 servers (4 configurations each) and 12 configurations at six ssf3 computers
(2 configurations each), reaching the simultaneous generation of 35 configurations. So,
generating 1000 configurations took around 8 days. These were saved in plain text files
with the positions of all grains.
3.2 Determining the potential capillary structures
The next step is to build up the capillary structures (bridges, trimers and enclosed volumes)
which can form the percolating path. The problem reduces to identifying sets of two,
three or four grains whose interparticle distances are below Sc = 2λ Fig. 1.13). The basic
problem was to find an efficient way of building these liquid structures, avoiding to repeat
bonds between grains. For example if two grains belong to a trimer, only the structure of
the trimer is built and not the liquid bridge, which in principle is already immersed into
the trimer. The problem was solved by implementing three different lists of grains: pairs
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of grains that can build bridges in the first list, trios of grains that can build trimers in
the second one and sets of four grains that can form enclosed volumes in the third one.
Next, all four trimers included in each enclosed volume were deleted from the second list.
Similarly, all bridges included in a trimer or an enclosed volume were deleted from the
first one. With this small algorithm it is guaranteed that liquid structures that are already
contained in larger ones are not built twice, and the computational time is reduced.
Later, the system was discretized with a fine grid of cubic cells of side a = 0.031R, and
each cell was verified to determine if it was inside a capillary structure. This procedure was
implemented by using parallel programming in bash. In total 10 threads were used (limited
by the RAM of the GPUs (12Gb each)) that allows to inspect 10 configurations at the
same time (each thread is independent from the others, that means that each thread can
inspect the next configuration without waiting for the other threads to finish). Reading a
configuration of 40000 grains, identifying capillary structures and verifying all cells took
around 20min using the ssf1 server.
3.3 Cluster labeling
The main problem in a percolation study, specially in studies based on site percolation
like ours, is the large amount of data that must be labeled by clusters to obtain a good
estimation of the parameters that describe the phase transition (as mentioned in Cap.
2). In order to label the cells inside the potential capillary structures, some very efficient
methods were considered, including the Burning method [55], the Newman and Ziff method
[56] and the Hoshen and Kopelman algorithm (HK) [57]. Initially it was decided to
implement the HK algorithm. It pass through the configuration cell by cell (plane by
plane, as a typewriter) searching for occupied sites. If the cell has no labeled neighbour,
then a new cluster is created with a consecutive numerical label. If the cell has one
occupied neighbour, then the current cell copies that label. But, if the cell has more
than one neighbouring cell with a label, then it takes the label of the lowest-numbered
one, and the labels of the other ones are marked as part of the cluster with the label of
the cell under inspection. Because the sizes of the system to be analyzed were too large
(800× 800× 800), the computational time to label the clusters was very long (a week per
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configuration of the largest system, using ssf1). Thus, it was necessary to find a more
efficient solution.
Figure 3.3. The Directional Propagation Label algorithm for a two dimensional array of sites (4
directions).
To solve this issue we proceeded to implement an algorithm based on the HK, but on
GPUs, called Directional Propagation Labeling algorithm [58]. First, each occupied cell is
labeled with a different number. Next, a cartesian axis, x, y or z, is chosen and a thread
in the GPU is assigned to each row parallel to that axis. Each thread iterates through the
row propagating the lowest numeric label along the row. By iteratively calling the treads
on each direction (positive or negative) for each dimension, the algorithm propagates the
lowest labels through the mesh (Fig. 3.3): if the cell under inspection has a higher label
than the previous one, it copies that label; otherwise, the current cell keep the same label.
This procedure is repeated until no more changes in the labelling are made in a whole
iteration. A whole iteration counts for propagations on both directions on all axes (4
propagations in 2D and six in 3D).
This algorithm was proved by computing the critical exponents for the site percolation
problem in 2D and 3D. Those values are in (Tab. 2.1). The algorithm was implemented on
the server ssf1, which has two GPUs NVIDIA TESLA K40m with 2880 processor cores
each (Tab. 3.1), using the programming language CUDA. The algorithm took around
50min per configuration for the largest system size considered (L = 64). The total com-
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putational time for identifying the capillary structures and labelling the clusters for all
system sizes took approximately 10 days in ssf1, and generated 10GB of data.
3.4 Estimation of the critical exponents
The granular medium was modeled as a dense random packing of monodisperse spheres
of unitary radius with volume fraction φ ≈ 0.63, slightly below the random close packing.
The spatial configurations of spheres were generated by using the algorithm of Jodrey and
Tory [52] on cubic volumes of sizes L = 20, 22, 26, 30, 36, 42, 48, 56 and 64, in units of the
particle radius (R), and configurations were accepted if the overlapping lengths between
any two spheres was below 0.015, also in units of the particle radius. With this procedure,
1000 random configurations per size were generated for sizes L ≤ 42 and 500 configurations
per size, for sizes L ≥ 48. That corresponds to around 1560 grains for each configuration
with L = 20 and 38200 grains for each one with L = 64. For each configuration, the
system was discretized with a fine grid of cubic cells of side a = 0.031 (we will refer to this
value in a couple of lines ahead).
Figure 3.4. Potential capillary rising path (interconnected trimers and enclosed volumes) in a
mono-disperse sample of 1560 grains (L = 20R) with radii R and volume fraction
φ ≈ 0.63 at different values of maximal half-length λ. The percolating cluster is
colored blue and the longest cluster, excluding the percolating one, is colored red.
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Once a value for λ was set, each cell was checked to be part of a bridge, trimer or en-
closed volume. Next, the Directional Propagation Labelling algorithm (DPL) [58], imple-
mented on GPUs, was employed to determine if there was a percolating cluster connecting
the lower and upper borders of the cube (Fig. 3.4). Finally, a bisection algorithm [59]
was implemented to determine the effective critical value λeffc where a percolating cluster
first appears on that configuration. The cumulative distribution of these effective critical
values for each size are the sigmoids (Fig. 3.5) that will be the incoming data for the
finite-size scaling procedure that follows. The value a mentioned before is the relationship
between the size of the system L = 64 and the number of cells considered to discretize
it (800 × 800 × 800). This cell resolution was chosen because a slightly larger resolution
(820× 820× 820) gives an effective critical half-length λeffc between the 1% of the previous
value, but takes almost twice CPU time.
Figure 3.5. Probability of the capillary structure to percolate as a function of the maximal half-
length of a capillary bridge λ.
The critical exponents and the critical half-length λc for the transition are obtained by
the finite-size scaling procedure [23]. The scaling procedure starts by fitting the function
given by Eq. (2.5) to the cumulative distribution of each size. The effective critical half-
length λeffc (L) and the width ∆(L) obtained from those fittings are plotted against the
system size L to obtain the critical parameters of the transition, as follows.
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Figure 3.6. Width of the probability to percolate ∆(L) as a function of system size L. The line
is the best power-law fit, with slope 1ν = −1.766± 0.031.
Once we have the values of ∆(L) for different sizes L, it is possible to compute the
value of critical exponent ν driving the divergence of the correlation length, ξ ∝ [λ− λc]−ν .
Assuming the first scale relation, Eq. (2.6), and plotting ∆(L) against L (Fig 3.6), 1/ν
corresponds to the slope of that plot in log-log scale. Our procedure gives ν = 0.850 ±
0.0381.
Similarly, plotting λeffc (L) against L−1/ν (Fig 3.7) estimates the critical value λc for a
system of infinite size, because
λeffc (L)− λc ∝ L−
1
ν . (3.1)
The value λc is very important, since the next critical exponents must be calculated at
this point. From Eq. (3.1) the critical value λc is the intercept of the linear regression of
λeffc (L) against L−1/ν with the y axis, that is the extrapolation to a system with infinite
size. Our result is λc = (0.049± 0.004)R.
Now that we have an estimation of the value λc it is possible to find three more critical
exponents that quantify the scale-free behaviour of other three some geometric properties
near the percolation threshold. Using the scaling law Eq. (2.8) and plotting the effective
1Here and everywhere, error bars are 1 sigma
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Figure 3.7. Effective critical half-length of a capillary bridge, λeffc (L), against L
− 1ν . The linear
fit (continuous line) estimates a cut with the vertical axis at λc = (0.0493±0.0042)R.
order parameter P∞(L, λc) against L (Fig. 3.8) it is possible to find the critical exponent β,
which characterizes the scale-free behaviour of the order parameter, that is the probability
that a cell belongs to the percolating cluster P∞(λ) ∝ (λ − λc)β for λ → λ+c . From the
slope of the fitted function in log-log scale (Fig. 3.8) we get that β = 0.415± 0.011.
Also, it is possible to find the critical exponent that defines the divergence of the
characteristic cluster size, σ around λc as sξ(λ) ∝| λ − λc |
−1
σ (Eq. (2.12) and Fig. 3.9).
The slope for the effective characteristic cluster size as a function of the system size in
log-log scales (Fig. 3.9) D = 1/σν = 2.9 ± 0.3 is known as the fractal dimension of the
system, from where we can obtain σ = 0.406± 0.042.
Finally we find ω, the critical exponent of the mean cluster volume V (λ), which close
to the percolation threshold goes like V (L, λc) ∝ L
ω
ν . This exponent can be calculated
from the slope of function that relates the effective mean cluster volume with the system
size in log-log scale (Fig. 3.10). Our result is ω = −0.26 ± 0.09. The negative value of
this exponent can be explained by the fact that we are considering the bridges in our
construction. Scheel and co-workers show by experimental measurements [3] that in liquid
structures of this type there are more isolated bridges than connected clusters, i.e. the
mean cluster volume tends to the average value of the bridges’ volumen.
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Figure 3.8. Effective value of the order parameter at λc against L. The slope gives β = 0.415±
0.011.
Tab. 3.2 summarizes the values of all computed critical exponents, compared with the
exponents for normal site percolation in three dimensions. This concludes our percolation
study of capillary rising
Exponents Capillary rising 3D site percolation Difference (%)
ν 0.850± 0.038 0.8765(1) 3.0
β 0.415± 0.011 0.4181(6) 0.7
σ 0.406± 0.042 0.4522(8) 10.2
D 2.9± 0.3 2.5226(1) 15.0
ω −0.26± 0.03 - -
Table 3.2. Comparison between the critical exponents of our model of discrete capillary rising
and normal site percolation.
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Figure 3.9. Effective characteristic cluster size at λc against L. The slope gives σ = 0.406±0.042.
Figure 3.10. Effective mean cluster volume at λc against L. The slope gives ω = −0.26± 0.09.
4
Conclusions
Consider a granular media where grains are so closed that water can rise between them by
capillary forces. This work investigated how the spaces in the pores that eventually could
be part of capillary structures like bridges, trimers and enclosed volumes can join together
to form a connected path at disposal for capillary rising. The control parameter we chose
to drive such a transition is the maximal length of a capillary bridge, a function of the
contact angle that can be modified in real soils through the use of hydrofobants. The
study has been conducted for random dense packings of monodisperse spherical grains as
a first prototyping model of granular materials, and the analysis has been performed with
the classical finite size scaling techniques of percolation theory.
The finite-size scaling we obtained is of very good quality (Figs. 3.6, 3.8, 3.9 and 3.10),
suggesting that the percolation theory fits well the problem and that there is, indeed, a
phase transition guided by the maximal length of a capillary bridge. For packings at
volume fraction φ ' 0.63, our results show that the transition to a connected structure
occurs at a maximal length of a capillary bridge 2λc = (0.098 ± 0.008)R, less than one
half of the mean distance between neighbouring grains in the samples at that volume
fraction (around (0.258 ± 0.007)R). This indicates that a connected path for capillary
rising appears much easier than expected if one just look at the distances among grains.
In addition, the exponents we obtained for the order parameter (β), the correlation length
(ν), the effective characteristic cluster size σ and the fractal dimension at criticality D are
compatible to those of size percolation in three dimensions (as illustrated in Tab. 3.2).
This result suggests that facets among three neighbouring grains could turn into trimers
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which are actually the basic building blocks of the path for capillary rising at disposal for
the capillary rising almost independently from each other, a possible consequence of the
random positions for the grains. This similarities imply that the two systems belong to
the same universality class. Thus, the setting of a connected path at disposal for capillary
rising shows to be driven by three-dimensional site percolation.
One more critical exponent that can be computed to verify the result above is γ, the
critical exponent driving the divergence of the average cluster size. Since the basic unit
to build a path for capillary rising is the trimer, such computation should account for the
mean number of trimers in a cluster. Similarly, it would be worth to reproduce the present
study for other void fractions to determine how general our conclusions are. These are
both interesting topics for future works. Also, a usual way to control capillary rising, as we
mentioned before, consists in treating some part of the grains with hydrophobic solutions
that alter the contact angle, reducing 2λ. The key question that we want to answer in
future works is which proportion of the material has to be treated to avoid capillary rising.
To response that question, the simulation can proceed in a similar way as the present one,
but with three different maximal half maximal lengths λ: one between untreated grains,
other between treated grains and a third one between one treated and one untreated grain.
Such a future work will be of great interest in geotechnics and related studies.
The present study combines capillary structures and percolation theory to investigate
capillary rising through a granular medium. It constitutes an interesting novel approach
and a new step in the understanding of this rich phenomenon.
APPENDIX A
Powders and Grains 2017
Part of this work has been accepted and will be presented at the 8th International Con-
ference on Micromechanics of Granular Media (Powders and Grains 2017), which will be
held in Montpellier, France, on July 3-7, 2017. The submitted paper is the following:
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Percolation study for the capillary ascent of a liquid through a granular soil
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Abstract. Capillary rise plays a crucial role in the construction of road embankments in flood zones, where
hydrophobic compounds are added to the soil to suppress the rising of water and avoid possible damage of the
pavement. Water rises through liquid bridges, menisci and trimers, whose width and connectivity depends on
the maximal half-length λ of the capillary bridges among grains. Low λs generate a disconnect structure, with
small clusters everywhere. On the contrary, for high λ, create a percolating cluster of trimers and enclosed
volumes that form a natural path for capillary rise. Hereby, we study the percolation transition of this geometric
structure as a function of λ on a granular media of monodisperse spheres in a random close packing. We
determine both the percolating threshold λc = (0.049± 0.004)R (with R the radius of the granular spheres), and
the critical exponent of the correlation length ν = 0.830 ± 0.051, suggesting that the percolation transition falls
into the universality class of ordinary percolation.
1 Introduction
Consider a sandpile with its base covered with water. If
grains are close enough, water will rise through the inter-
stices of the grains. This capillary rise plays a major role in
the transport of fluids across porous media, including wa-
ter and oil wells. Specially in unsaturated soil structures,
like embankments, the capillary rise of water is a real con-
cern, because water can damage the integrity of the struc-
ture [1]. The broad spectrum of possible solutions include
the use of hydrophobic materials [1] or even the addition
of active mechanisms to compensate for the deformations
produced by capillary forces [2].
The rising of water through a granular medium is
strongly determined by the geometry of the interconnected
structure of pores among the grains. First models [3] rep-
resented that structure by sites (pore bodies) of arbitrary
shape and position interconnected by bonds (pore throats),
whose sizes and shapes could be obtained from experi-
mental probes [4, 5]; many properties, like relative perme-
ability [6] or drainage and imbibition [7] can be estimated
from this simplified model. More recent works focus on
representing the liquid structures among grains (bridges,
menisci and pore bodies) as real as possible, based on ex-
periments (as in X-Ray microtomography [8]) or in com-
puter simulations [9, 10]. This modeling is able to repro-
duce water saturation and drying with the water volume
as control parameter and to compute forces and pressures




identifying trimers (that is, the junction of three liquid
bridges and a meniscus) as the minimal building block to
build a pathway for rising water [8, 10]. The structure
itself must strongly change with the critical length of a
capillary bridge (a function of contact angle and surface
tension [11]), and some studies in two dimensions have
been performed to find when a connected structure first
appears as either the contact angle [12] or the liquid vol-
ume [13, 14] increases.
The present work investigates how the set of trimers
and enclosing pore bodies at disposal for capillary rising
changes from a fully disconnected structure to a connected
pathway as the critical length of the capillary bridges in-
creases. The goal is to find both the critical half-length λc
for the transition and the critical exponent ν for the cor-
relation length. The study is performed on the interstices
on three-dimensional random close packings of monodis-
perse spheres. The capillary model of trimers and pore
bodies on random close packings is introduced in Sec. 2.
Next, Sec. 3 analyses the resulting capillary structures by
using tools of percolation theory [15–17]. Finally, Sec. 4
summarizes the main conclusions and discussions.
2 Capillary model
From a microscopic point of view, water can rise if the
grains are close enough to build capillary bridges among
them. The shape of a capillary bridge between two identi-
cal spherical grains is not strongly affected by gravity, but
determined by the contact angle θc, the liquid-gas surface
tension γ, the liquid volume V and the distance S between
Figure 1. Main capillary structures. (a) Liquid bridge with sep-
aration distance S . (b) Trimer, built by three liquid bridges (light
blue) and a meniscus (dark blue). (c) A liquid volume enclosed
by four trimers.
the grains [18]. There is a maximal distance among grains
S c = 2λ a capillary bridge can overcome. If S < 2λ, a
capillary bridge may eventually established for some V;
otherwise, there is no possible path between the grains for
the water to rise. This limit can be estimated through the
toroidal approximation method [19] (Fig. 2) or by numer-
ical simulations.
Figure 2. (a) Liquid bridge with separation distance S . (b) Max-
imal separation distance S c for a capillary bridge as function of
the contact angle θ in the toroidal approximation (deduced from
data in [11]).
The bridges among grains should be connected in or-
der to build a path for the rising water. From a theoretical
point of view, it would be possible to join two bridges with
a meniscus; but micro-tomographies on experimental ran-
dom granular arrays of monodisperse spheres [8] do not
show that kind of structure. On the contrary, the minimal
connected structures are trimers, that are the junction of
three liquid bridges and a meniscus [10] (Fig. 1). A trimer
will eventually form for some water content if three grains
are so close together that the distances between any two
of them are shorter than S c and the angles between every
two bridges are smaller than π − 2θc [11]. Two trimers are
assumed connected if they share a bridge, and connected
trimers can eventually enclose filling volumes (Fig. 1).
Trimers and enclosed volumes form the structure for cap-
illary rising. If S c is small, the structure is a disconnected
set of clusters. On the contrary, if S c is large enough, there
is a connected path across the sample, i.e. a percolating
passage for the liquid to rise. The aim of the present work
is to characterize the transition across these two regimes -
driven by λ, the half maximal length of a capillary bridge
- on a monodisperse set of spherical grains by using the
standard tools of classical percolation.
Figure 3. a) Triangle-like liquid structure (trimer). b)
Tetrahedron-like liquid structure (enclosed volume). c) Poten-
tial capillary rising path (interconnection trimers and enclosed
volumes) in a mono-disperse sample of 87 grains with volume
fraction φ ' 0.63 at a capillary length λ = 0.025R, R the ra-
dius of the grains (The curve contour do not come from the exact
shape of trimers and menisci, but from the removed grains).
3 Procedure and Results
The granular medium was modeled as a dense random
packing of monodisperse spheres of unitary radius with
volume fraction φ ≈ 0.63, slightly below the random close
packing [20]. The spatial configurations of spheres were
generated by using the algorithm of Jodrey and Tory [21]
on cubic volumes of sizes L = 22, 26, 30, 36, 42, 48, 56
and 64, and configurations were accepted if the overlap-
ping lengths between any two spheres was below 0.015, in
units of particle radius. With this procedure, 200 config-
urations per size for sizes L ≤ 42 and 500 configurations
per size for sizes L ≥ 48 were generated, corresponding to
around 1560 grains each for L = 22 and 38200 grains each
for L = 64.
For each configuration, we identify sets of three and
four grains whose interparticle distances are below S c =
2λ, and we built triangle-like (trimer) and tetrahedron-like
(enclosed volume) structures with those sets of three or
four grains, respectively (Fig. 3). The space occupied
by the grains themselves is removed. The interconnec-
tion of those structures corresponds to possible capillary
rising paths. Single bridges are not included, because they
are not observed in experiments to contribute to the perco-
lating structure, as discussed in the previous section. The
actual shape of the capillary bridges and menisci are not
included, because only the connectivity among elements
is relevant for the percolation exponents, and not the de-
tailed shape of the percolating elements themselves [15].
Then, the whole structure is discretized with a fine grid of
cubic cells of side a = 0.031. Once a value for λ was set,
each cell was checked to be part of a trimer or an enclosed
volume, and trimers become a couple of cells thick. By
doing so, the volume that can be occupied by the liquid
phase appears as a discrete set of small cubes, as shown
in Fig. 3. This allow us to run an efficient site perco-
lation algorithm to study the percolation transition. Two
cells are said to be part of the same cluster if they are first
neighbors. The Directional Propagation Labelling algo-
rithm (DPL) for GPUs [22] was employed to determine if
there was a percolating cluster connecting the lower and
upper borders of the cube. It was necessary to implement
this algorithm for GPUs because the systems were very
large ((800×800×800) cells for L = 64) and the procedure
becomes very time demanding. For instance, the more tra-
ditional algorithm by Hoshen and Kopelman [23] takes
around 6 hours on a CPU (Intel(R) Xeon(R) CPU E5-
2695 v3 - 2.30GHz) to evaluate percolation and classify
the cluster sizes for a single configuration of system size
L=36. By contrast, the DPL algorithm takes only around
15 min to analyze the same configuration on an Nvidia(R)
Tesla(R) K40, what is 25 times faster. The savings in com-
putational time are even larger for larger system sizes. Fi-
nally, a bisection algorithm [24] was implemented to de-
termine the effective critical value λeffc where a percolating
cluster first appears on that configuration. The cumulative
distribution of these effective critical values for each size
are the sigmoids (Fig. 4) that will be the incoming data for
the finite-size scaling procedure that follows.
Figure 4. Probability of the capillary structure to percolate as a
function of the maximal half-length of a capillary bridge λ.
The critical exponents and the critical half-length λc
for the transition are obtained by the finite-size scaling
procedure proposed by Rintoul and Torquato [25]. The
scaling procedure starts by fitting the function
f (λe f fc ,∆(L)) = [1 + tanh[(λ − λe f fc (L))/∆(L)]]/2 (1)
to the cumulative distribution of each size. The effective
critical half-length λe f fc (L) and the width ∆(L)) of the dis-
tribution obtained from those fittings are plotted against
the system size L to obtain the critical parameters of the
transition. Assuming that
∆(L) ∝ L 1ν , (2)
and plotting ∆(L) against L (Fig 5) gives the critical ex-
ponent ν driving the divergence of the correlation length,
ξ ∝ [λ − λc]−ν. We obtain ν = 0.830 ± 0.051. Similarly,
plotting λe f fc (L) against L−1/ν (Fig 6) estimates the critical
value λc for a system of infinite size, because
λeffc (L) − λc ∝ L−
1
ν . (3)
Our result is λc = (0.049 ± 0.004)R.
Figure 5. Width of the probability to percolate ∆(L) as a function
of system size L. The line is the best power-law fit, with slope
1
ν
= −1.205 ± 0.038.
4 Conclusions and Discussions
This work investigates the capillary ascent of a liquid
through a granular soil as a percolation transition driven by
the half maximal distance between two grains that can be
overpassed by a capillary bridge, λ. Below a critical value
λc the structure of trimers and enclosed volumes is discon-
nected, and no water can rise. Above, the water percolates
trough the sample. By using standard techniques of perco-
lation analysis, we found λc = (0.049±0.004)R and a crit-
ical exponent for the correlation length ν = 0.830 ± 0.051.
These results deserve some discussion. First, the finite-
size scaling is of very good quality (Fig. 5), suggesting
that the technique fits the problem and that there is, indeed,
a phase transition. Second, the critical length of a bridge,
2λc = 0.098(6)R, is less than one half of the mean dis-
tance between neighboring grains in the samples (around
(0.258 ± 0.007)R) for a volume fraction φ ' 0.63), which
can be considered as a naive a priori estimation of such pa-
rameter. Third, the critical exponent ν is, within error bars,
Figure 6. Effective critical half-length of a capillary bridge
length λe f fc (L) against L−
1
ν . The linear fit (continuous line) es-
timates a cut with the vertical axis at λc = (0.049 ± 0.004)R.
the one of ordinary percolation (ν = 0.87619(12) [26]).
This result suggests that each facet among three neighbor-
ing grains could turn into a trimer at disposal for the cap-
illary rising almost independently from the other facets, a
consequence of the random positions for the grains. This
similarity should be confirmed by computing other critical
exponents, like the critical exponent β for the order pa-
rameter, which would be the probability of a cell to belong
to the percolating cluster, as usual. Similarly, our study
could be reproduced for other void fractions to determine
how general are our conclusions. All these are thema for
future works.
An usual way to control capillary rising, as we men-
tioned before, consists in treating some part of the grains
with hydrophobic solutions that alter the contact angle, re-
ducing λ (Fig. 2). The key question here is which pro-
portion of the material has to be treated to avoid capillary
rising. The simulation would proceed in a similar way as
the present one, but with three maximal lenghts λ: one be-
tween untreated grains, other between treated grains and
a third one between one treated and one untreated grain.
Such a future work will be of great interest in geotech-
nique.
The present study combines capillary structures and
percolation theory to investigate capillary rising through
a granular medium. It constitutes a novel approach and a
new step in the understanding of this rich phenomenon.
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